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Arith..etic in a One's-Complement Computer. 


A. Introduction. 


The rain parts of the arithmetic section of a one's- 
complement computer cre the X-Recister (abbreviated XR), 
the Q-Regicter, GR, and the Accmulator, AC. Fumbers may 
ve taken from the cells of the memory section and put, into 


these registers and the four fundamental arithmetic ovcrations 


perforned on them there. Yor cach of the oporations we shall 
indicate the process through’which the machine -gocs and prove 


that this process gives the correct result, 
The commater cpcrates with 24 digit signless binary nun- 
bers, cach of which reprcgents a positive cr nogative 23 digit 
binary numbcr (perhaps havin> suncrfluoys zeros.) The numbers 
with which the machine operates will be referred to as digital 
numbers, and the numbers for which these stand as binary num 
bers, or simply nunbers, 

It is first ncoccssary to investigate the way in which a 
number is represonted in the conputer. 
3B. The Correspondence. 

Consider the signicss binary nunbcrs (digital numbers) of 


\ 
24 digits, X= Xoqg o-- Xp, Xy = O or}, cxcluding that digital 


number consisting oxclusivcoly of 1's. The one's-complement of 


such a digital numbor X is defined to be yi. 1) -X. 
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~1<-il... ll, it is scen thet X = Xog- use K, 


where Ry = at according as~ 24 = ie - Fote that 


be eee + 
(z, Se — x: $54 / s aks 


Between the above set c* digitsi rumbers and vhe set of 


signed birnric. of 23 digits x (pcrhays with supcrfluors 


eer: 37, 2 = gS < xs Es -~ 1, sét v7 1 One-one reo~~osnondence 
Ss roliows: 

Ti eS) and Ki = Kno «ee ? then let x oo KX - 

OX95 ++ Xe Tf xt 0 and 1k) Xoo +++ Xy then let 

a ee ee Mee ieee A, Se ee | ee a 


negative let it correspond to the cne's-cormlerent of the 
image of its absolute valuc. Notc that the two sects between 
which the corresvondence is defined are actually cardinally 
equivalent. 


The AR, GR and memory.cells represe:t binary numbers 


8 4 . 
4 x< 2° -1, as digital nunders by acans of the 


above correspondcnee. The AC, however, can represent a numbcr 


ihe 47 


ay i ace ~ 1, as a 48 digit digital rumbcr by 


~ 


virtue of an analogous once-cne correspondence. If A is one 
of these 48 digit digital numbers (nct consisting exclusively 


of 1's) then its one's-complemont is by definition the 
4 
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digital number A = -1)-+ = ag7 .-- ag where 


Ala? 
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aah eae a a ate. 
sat = to! necording as a = (3; iain, (a;) - aj ane 


J P 
(A ) =a, The amlo.ous cne-one corresnondenes bv virtue 
of shic> the ac holds anv signe? 47 dirit nunber is the 


followin onc. net ia: 2 Je -ee AL TF 27 9 then 


5 _ as Oags ere oe EY. eG trier. A neh ok Ss lrg eee 


A LE 
= ae ee ee ee een 

uet Xy = Tor eae Xr Aon Xoo Are *y Xo Lf 
X =z Xoq ose Xqe ‘Ie hove the omsily verified 


Lewa I: If « is tie renresentation of x on Aa, then 


X, is the rooresentation of x on ac, i.e., 1f x Em» x 


then x e&- X 


oh 6 
-- 


C. Addition. 


A digital nunber X 2X5, .-. x, in AM is “added" to 


a ci,ital nunber a - Raq se % in aC in the following 


vay. The machine comutes 


A: Ag? 846 +++ 295 BDA 07, Bon «e+ AQ 7 


, 


¥ ‘ , ‘ é / , ‘ 
minus “4. 2 Xgn Xor eee Xon X57 Xox X90 eee Xe 


anc if there is 7 borrow left over at the left-'and cn¢, 
this borrow is subdtrected fro: the resultin: difference to 


sive o resnlt enlled the "sun" of A and %, or A®@X, 
4 id 
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Sh Seutr-etion Mlo-rd ie sgn Ts tae s9A=-fonm4 borro 
ethec. The subtraction of the borrow fror the first 

di:ference mov fsenerate another serics of vorrows, but this 
Second series cannot run for mere than 48 places, since in 
the first subtraction a borrow can ori-inate only at a con- 


firaration of the form +, and the 1 in the first difference 


will kill any borrow generated in the sccond subtraction. 

It must be shown that, within the range of the cormuter, 
if xe» and Aesa then ae Xe-~-ypAG)X. Moreover, 
it will be shown that if the result runs over the capacity of 


the machine it is still corroct modulo 2468 - 1 


6S Xa < 4 then no end-around dorrow can be generated 


ane AtCxX =A - X,. End around borrow will occur if and only 


if x, > a. Using end-around borrow is equivalent to adding 


278 to <A, subtracting Xi from their sun, and then sub- 


tracting 1 fror this difference. Thus if X, > dy A50%X = 
Che BP BY Se SK X,. Concisely, 

if 3c & thm 2h. 4 ox 

if 2, A Shee Ber t= a = %,. 


Let x, 1 = ake : ae 225 a1 AL = Kno +++ X bea 


0° 


nunber represented on XR by X, and 


Sa y 
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k Le2™ 4 #7 2 - il, AR = Age --- Ay be a nunber 


represented on aC by «. Notice first that 


P Ait 
G 3h = (pa? _ 4) = (2 es) and 
47 wn 
0 Ar =- ‘xX: 2 -~ 1. There arc four cases, one for 


cach of the nessible distributions of signs on x and a, 
which arise in the addition of x to a by morns of their 
representitives on the computer. Sach case must be considered 
scparately in order to prove that in general a-x¢-:A' &. 


Crasc I: x2 O and av OO. In this case 


a— A = Ongg .-. A = 8! 
xe> Xz Og +e X= F 
s =9 Oxn9 «++ Xp = }x| and 
x Pp eres | Zon ie Mes fee 4) > (248 _ 1) x4. 


Since XL> A, AGX sas Tes omrt ix Te 
‘ar + 1x: 4 24? _ 1 then ATX ecsiart :Xi2- ar kX 
Bat if tay e eee 2 ~ 2d, them, sines 
ase iy & Coe ~ AY (2), fr + ey = GS 
where ©’ 2 < 2°" - 1. Thon since O* 2%” ~ng§ 2?” meds 
os have heat 2 - 1) - 1 wo = (" - 


But (‘a ¢:xj)-Ms 2% =~] go @¢ X= 


ta: + xi m (mod 28 - 1) and 


aADXeane at¢ Xx (moa 2%? - 1). 7 


Lae 


Case II: x<0O and a 2? 0. In this case 


Bead = Cage eee A = 1A 


0 
rea X = 1x30 eee X, 
Xo 1... 1 x59 eee ‘2 (2 ws ‘xX: and 
ae. Sem AEP 
Re Mon 8 BE es jens ve, 

7 a7 
But if Xyia then sx: - sai and O¢ tar -3 x) ie © I 
and AP X ¢-slaj - ix; =a +x. On the other hand, if 


X, > A then AEX sA+X, = pate (OP ~ 2) = 12) 


(248-1) -(4x1-ias), Also, if X,>4 thon 
Ixt> al and O< Ixi- tai ¢ 247 _ 1 and 
ABX oe - (ixi-te:)-a+x. 

Casc III: x>0O and a<0O. In this case 
Keg X= Org, ... x = 1x! 


te Wn. Wgg cen XS = x? 


4 ie) 
Mod eo Ry xe ke eR oO es a ee, 
ae ad = lag. oe a 299% say, 
If Xf a then aw Xsa -X, - 
(ea) s1ar et oe, Yo ee ae ae 


Xi ooa thon 'x: » ta, so O72 -~1Aa1 + i2| < ge "3 


end AG’ Xe—~- 12) + ix' sa+ x. 


aif = 
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, 
If X,> A then AGX sd + X 2 (2-1) = (rar - ox), 
Since X > a, ix < cat and O < tat =!x!1 ¢ 24? - l g0 
AX ew C4) = zi} sa + &. 
Case IV: x*0O and ax 090. In this case 
ra ‘ a o8 _ we | 
acwd= la, ... a = (2 1) a! 
re5 X= 1%, Xx, 
X, <1 . 1 X55 os 5 and ™ 


Since A, < A, Ae KoA - EX, 2 (9 = 2) - brai-« xi). 


47 
pli 


If sar ix: < ~~) then £2 ZX oe (rq 4 1R1) = & e x. 


47 


But if sal + 1x) > 2 - 1 then, since 


tape ix! & (24? -1) +4 (2° -~T), fais mi = (24? ben 


where O< n¢ 2°35 1. Then (278 - 1) - (ja: + 1x1) = 


- see n, and since 0 < 247 _ 4 er 2%. 


inna Se owen, But m= (+ (a1 + tc}) = 


2°81 go ae xs - (tai imi) = m (moa 2% - 1) 


and AMXesnan= aex (ned gte 1). 


The above arguments prove that if x,a and a+x are 
within the ranges of XR, AC and AC respectively, then 


a+xe—2xAGX andif 2a-+-x is beyond the range of AC 


~“ 


- / 
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the A@X ie still the correct image of a+ x -modulo 248 - 1, 


D._ Subtraction. 


Subtraction is performed by the computer by subtracting 
X, from A using end-around borrow when necessary, i.e., 
AG X2APX If aed and xe-—>X then -x <+X’ and 
T\ y ik (n 548 A ) 
APXe7a+x or ADXe4Hm= a+ xX (mode 1) and 


/ 
~-AOK24OXv7a+ (-x) -a-x or sAOXeorne 


a-x (mod 8-1) as the case may be. Thus the desired 


correspondence is preserved by machine subdtraction. 


EK Basic arithmetic Cperations. 


Below is a table summarizing the basic arithmetic operations. 


| NUMBERS SUBTRACTED I:°TO aC IN TER BaSIC OPERATIONS 
| 
| 


OPERATION | aC DIGITS 
| 827 *46 "24 723 “22 ee 
‘ ADD XR TO aC X53 Xo ++ Xn X53 XnQ e+ XX, 
‘SUBTRACT XR FRO! aC | Xoz Xog +++ Fog Xog Xap +++ %] Xp 
ABSOLUTE aDD XR TC aC 
| IF xg - 0 P28 ey ER ee, ce 
IF X53 = 1 ot eee ae! X50 x) X, 
| ABSCLUTE SUBTRACT XR FROM AC! 
Ir Xoz = @) 2) i. 0 22° Xx; X> | 
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The only operations in this table which have not been proved 
to yield correct results arc the operations of absolute add and 
absolute subtract. From a consideration of tho digits put into 
AC in these operations it is casily verificd that thoy correspond 
to the true operations of addition and subtraction of absolutc 


valucs. 


FEF. Multiplication. 


In addition to XR and aC the arithmetic section contains a 
Q-Register, QR, which holds a 23 digit signed binary as 2 
digital number of 24 digits just ras X& docs. All the digits of 
QR or of AC may be shifted left any number of places from 1 to +7. 
The shift is circular, i.c., a digit shifting out the left ond of 
the register is not lost but shifts to the right cnd. 

In the proof of the multinlicntion algorithn wo will need the 
following two lemmas. { 
Lomma Ii: Let aA = Ragires By be a diszital number in AC. Let 
a be the result of shifting 4 circularly to the left s 
placcs whore s < 48. Then a = 42” (moa o*8 _ 1), where a2° 


is the product of 2° with the digitel nurbcr A (not its 


\ 
image). 


Proof: 48 placcs 
s ee a _— —— 
oy a n 2 £ 
ac = 17 RAB g BAIL Pun 0.0 eee 0 G and 


4/99 


B47 oe. A4g_., 004... O05 28 (agy Sad 848-5) and therefore 
48 places 


ra] 


leq 48 ; 
A2> - (2 - 1) (ayy eee Aang) = Baars ess An AgDM +++ A4Q gx 


and A = Aa® (moa 9°98 - 2). 
Lemma III: Let A and B be two 48 place digital numbers and 


let A&B denote their difference using end-around borrow if 


necessary. Let A, x. AB B denote the results of shifting 
each s places where s< 48. Then APB-AEGB, 


Proof: All congruences here are modulo gor 1, Tt ie implicit 


ey 


from the result on page 4 that Bie Se Be AGBsA -B. 
Br: 


From Lemma II, A= 2 i3 B=2 *3, saa haneo a- 


Thus AG Bs 2(AHB) = (AGB). But OF AG BB 278 1 and 


0¢48B<2%-1 and therefore AA SM ens B. 

When the computer adds and when it subtracts it computes 
an end-around poreea difference, which operation we have de- 
noted by —} in Lemma III. Thus Lemma III holds for both 
machine addition and machine subtraction. 

Lemma IV: Let the AC digital number A+«— 3a where 
larg 2° - 1. Thon if 6 ¢ 24, A e+ a2’ 
The truth of this lemma is most easily seen from a con- 


Sideration of cases Bog = O and aon = i. 


We now proceed to the multiplication algorithm proper. 
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Multiplication alzorithn 
iti contents 
QR contains multiplier 
XR contains nultiplicand 


AC contains number to which 
the product is to be added. 


algorithn 
1. Shift AC 24 places left. 


1, subtract XX into Ac. 


oe Et Go 


Bib & Qo 0, procced directly to step 3. 
3. Do 24 times: 
a. Shift AC one place left. 


b. If qog = 1 add AR invo al, 
otherwise proceed to 3C. 


c. Shift QR one plnrce left. 


4 Tt Go = di add xR into AC. 


AC contrins proticé plus its initiacs ¢ontcnts. 
: QR contains multiplier. 


fs) 


let aesya cs Aggy eee 2 xen X- Xng oes X and 


at 
q+ Q = Qoz +++ Go: At the end of the operation AC has been 
shifted lcft 18 places and is back where it started. In view 
of Lemme III we may consider the +) held stationary and XR 


shifted along it each step. Since QR is shiftcd cach stcp we 


ies "59 
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‘Ath 


may consider the machine to examine the »roper digit of Q 


Exanination of the algorithm in the light 


QR held stationary. 


of these remarks shows that the machine computes the sum 


sara’ Xx] 


coe 87 


1H xD3 xD3 > ~xX°e 


X23 <> 


X03 _— 
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8 = 4 


4 
ete a33 
x" 223 as 


22 
X°2 ~*Qo0 
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The complement is used in the second line because machine 
subtr>ction is the same 1s machine addition of the complement. 


The factors q, to the left simply indicate-whether or not the 
torn is to be included in the total sum (according as a, <1 or 0). 


The correspondences to the right follow fron 
Lenma IV. By section C the total machino sun corresponds to the 
sum of the imwges or to some number which is congrucnt modulc 


28 1 to the sum of the imcs. Let P be the michino sun 


of the digitnl nunbers. Then ’ 


PeoOP= 2- x- 2° qo3 + 


Tf qoz = 0 then Qe+q= 09 Gon --- Go 2 O and 


ie) ie) 


a- x Qe dos * > of 2i Q4 7X Gog 2 ar > +a at : 
4-23 1=23 
A+xq and Peryp= ar+gqr (mod 278 - 1). 
If, on the other hand, Qoz = 1, then 
Ceo a= -0 Sos a, < O and 
rf) re) 
O48 ate ry i 
= eo Gog * > eee 2" Q4y * X"Go3 = 4A - (x( 2° 1)- oh x°2 *a;) = 
1-23 1=23 
i A J é 
a os ts x2 -e(), = i? = oe em) Yr 2 oc +qx Thus in 
1-23 i-23 
this cise as well as the first 
d 8 
ie Pes a+qx (nod 2 we T. 


eT I3/2) 
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D. Divisicn. 
In performins the division operation the computer zocs 


through the proccess indicated in the following dingran. 


Division algorithn 
: 


Initinl Contents 
is cleared 
“RX contnrins diviscer 
aC contrins dividen? 
Alsorithm 
1. Case I: If ay = 0, go to step 2. 


Case II: If Paw = 1, 2bsolutc subtract XR 
‘> 


into ac. 
2. Shift aC 2% placcs. 


3. Do 24 tines: 


a. Shift aC onc plircc. 


ie. as Pox = Xoo subtract AR into aC and insert 
1 in q,- 
aD “Rey # Xnq, add XR into ac. 


¢. Shift QR one place. 


«=. Do one of the following: 


fs If 2&5 = 1, if case I: Absolute add <8 into 
aC, replace q, by Gor: 

be If 294 = 1, if case II: aAbsclute add XR into 
ac. 

ee. ait Ao. = 0, ££ caso I: No action. 


ds If apy = G, if case II: Replace Q by Gos: 


Final Contcnts 
Qu eccntains quotient 
XR contains divisor 
aC contains least non-negntive remainder. 
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In the proof of tho validity of this algorithm we shall 


necd the 
Lenma V: Let f(x) = 2x-1. Then 
oi y ; 7} 
- * 5: #} 
ete SF ayy) BS oy ee se, = Twa dhs 
k-n-1 k=n 
e) : 
art — ax 
Proof: f(x,) + > f(x,,,) aie 
k-n-) 
fo) 
ie, k 
5 3 5 Xx 5 en EN Gere 
(2 Xy 1) cs + Pate (2 M31 Joe = 
k=-n~-1 
- okel — x 
—_— + antl — of = ah 
S Xe] » ~~ x, w& “& eo wy 
sa kin 
a 
e] anel onrl 
. & he a i ee Ot 
k=n 
(6) ’ 
eit Kx n+] 
Xx 5 ae We Ue 
ea % 7 + (x, 1)(2 ~ 7 
K=n 
Case I. “Ye will first considcr the corse <f two positive sun- 
bers. Throughout the proof use will be de cf Lemmas YI snd 
III. The aC will be considered strtionary and the XR slid 


rm. a 
Xi 


along it an amount which xeMinstion the alsor 


evident. Similarly QH will be considered station:ry 


computer will be assuncd to insert the proper digit 
per place. In thc crse of two non-nerutive numbers 


algorithm reduccs to the folluwine. 


=] 


} 


ithm will. mike 
and the 

in the pro- 
the division 
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Q= Gog ess We 4 


tal 
" 


Xog -*+ X > x -0 Xnp + °° x, 7 0, X53 = 0 


8a” cee ay eo ae 0 ang eee a, % QO, Ag = 0 


1. Shift AC 25 places 
Subtract XR into AC and insort 1 in 4q,.- 
Shift QR one place. 


2. Do 23 times 
a. Shift AC one place. 


db. If ap, = O subtract XR into AC and insert 1 in 4q,. 
If ay, = 1 add XR into AC. 
c. Shift QR one place. 
3. Do one of the following: 
a. If a, - 1: Add XR into AC, replace Q by Yo: 
b. If ap, = 0: No action. 


Step 1°. Make 4, = 1 and compute 


447 846 oe Aas AoA Aon Ano eoecvce ao ee a4 wi 
DO Xog eee r eres X, DO eeeeee G > 2 
» 
= N47 nig kee —_ hoa tog _ . No = Ny ~~ a- x2°5_ ny 


If we define f(t ) 


2t - 1, we have, since q, = a 
B) =a - f(q,) x a Now let us assune that not only do Xx 
and A represent non-negative numbers, but also that 


o< xg 2%-1 and Oc acx 2%. Then -x 2° <a, < 0 


and nj! < x2, But i a < (223 _ 1) 223 < 246-1, and 


a SRS 


Ib? 
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nyt ni6 - 1. Therefore nan = hag and since ny, f @, 


5, % 
846 2 1: Since in substep 1 of step 2 nig is compared 


5 ; 6 
(notice that Ny¢ is now the "94 referred to in 2 
“~_ 
with Xon = 0, the oncration in gubstep.l is wf” and oz 
43 left as 0. 
Stup 2. Substep 1: Compute 
} t l 1 i i 1 
Nin Bae Doe eees AG, Nog 1 semee a tt n 
47 “46 “45 24 “23 22 0 ie 
A | 
> oe 
es) 0 O og ceeerereseet . SE aaay OD ~ 
tern fi cneemaricinnrmnitte nt nags aC TAI 
5 2 5 5 5 2 2 22 
rs “2 “& “o “ a ak 
N47 Nyg Nas eee Tos Noa n 2 wees No No | ny + Xe = No» 
Since - 0 = ~ fleas) ES. Also =n x ee 
. fag = 4% BQ = 7) a) 7 8S ice. = 
we 23 22 noe ~ nue 
eR. inf 22" oR” 5 ee and nj > -% ¢ or 
22 8 '« nee 45 45 
1 Molsx a. But x gc oF 1 Bo {Bol < qe? . 1, Thero- 
’ & 
2 4, 2 mee Mee = 
fore Ban = Dag = Nas and since the crersticn cf substep 2 is 
-- 2 : : . 
oy or +p according aS Ny, = Or i, it is 4 or @& accord- 
ing xs 1.7 O'or My ¢ 0. 
Substep ©. vompute 
ey 2 2 e 2 rt 2 ‘ 2 
fe ne mR jie He Be “Dias. Many 36) B n 
4 a7 m et ‘ 2 23 2 rors fap © (0) —s a 
ai 
or! 0 6) 0 Rog crest! Xo GC de SB — ae ar 
= es i oe free ee 
2 3S wie nt ee Se ar o.% ~ gaol 
= Bie 6 “45 Dest am Ry "on Bey ote ma = Sgt not Xoo = Tg 
_~ = 


Since q,4, is 1 °r 0 according as the operntion is ¢) OF cy? » 


i ee ee 


p -fé/ 


tg sc tg tga ee Also ity ose according as 
no ¢ 0 or ay> 0. Thus 

| ogi = ix 2) - ing! , and since 227 -jaji¢x at and 
| Bp | -x2¢< x 2° _ x 221 _ x 27, we have ietexe. 
But x 2%2< 24-1 and eo jngi< 244-1. Therefore 

ne o 


aa = ng. = ng. = nia and since the opcration of substep 3 is 


© or & according as m4 =Oorl it is © or&» according 
as ng 3 O or ng ¢, 0. 


Yor a general k, 1“ k< 23, assume that 


24-k, 247k _ 


. k k k 

j mI < x2 < 2 1. Then N47 = N46 Ss ceo = 047__° 

Since the next operation is €> or a according as Wins -Oorl, 
rd o 

it is © or @ according as m2 0 or ne 0. 


Substep k: Compute 


nih, esos Me me oes Oy ma eee e Of > ry 
CYyorPo .... 0 ae ee 32.4 S wm 
——————— ee 
id k+1 k+l kel we Gare > 
= N47 ween Da7_-~  46—z coves Boz Bapy.ren> AO -] 
k 
n, > x27>-Kn 


Since qo4, = 1 or O according as the operation is =) or wo . 
4 ; + —k 

hes oh iy Haug) ee Also Be) = m& x2 accord- 

ing as n, < 0 or n> 0. Thus ini elx2*- in|, 


«iD = 


(Sia7 
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and since Xc -|m|< xe end 
be i ae oe om i. 
} mI - x 278 me x ge k Oe ita . -x 2° - we have 
og. - 47- 

Im sto 22 citi (kel)_ 1. By this inequality, 

ti” *% 

1 a 
nay = ore rr ee Sinee the next operation is © 

Cita es © otis k+1 gES ce 
er () according aS Nye) = Oorl, it is \° or \vy) according 


> the case that | i < xe 
be the case that INog! £ x < 


and the operation of substcp 23 is © or +H according 2s 
tigg FSP ag 6 Ys 
Substep 23: Computo 
2 BS! gO Geo 23 
47 ° . No 4 N63 N59 eornreee no t saer J Nog 
8 or@o pnerdiee 1 0 Xgg veeeeeeees Xo eg KO 
24 26 (24 2s Ot > 
= Dig crete ny 4 ee no = No, es RogtXe = Nog 


Since 4, = 1 or O according as the operation is eC or a ; 


+ fe} 
- mn " 
Nog xo according as 


Noz © O or Nog > 9. Thus {Np,) jx 2° - inog(| and 


Os. J = ° ~ = 
since x 2 |nog|< > and Inog\ r2gxr2 x2 = % 


we have [{no,{< x<¢ 223 ~ 1. By this last inequality 


i 4 XV XN 
24 24 24 24 
N47 = Nag = gee S Nog = Doze 
- 19 - 
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Recapitulating our results through step 2°, wo have 


{ Boy} <¢ x and 


= a 23 

MN o5n, = 8 f(qy) x 2 
Ny 3 %,=m, - £( qo.) x 202 
2 
Nz (> tg = ny - £(q4.) x 


4 ; \ _ Ofek 
Mh on =m) - Mag) x2 


0 
Noq > Ngy= Nog - f(q,) ¥e". 


adding the images Ny) + se + Noz * No, = 


0 
pe mane NR a 
Dh, + +++ + Nog +B - f(q0) x2 i. f(q.4) x2", or 
ee 
Po, 8-8 fq) 2” - > ta ) 2°) and by 
ok 0 a kel 
k-22 
C 
Lemma V and the fact that Iii, aysa-x > ~~?" 
? k=23 


aS ee ae 
We know that Dog! ¢ xy Ie N54 = 2g = O then 
6) ¢ Do, < x. For assune Do 4 = x. Then, since the number 


added to or subtracted from n in substep 23 is x, the 


23 


operation must be O » for if it were D » Don would equal 
zero and zero calls for subtraction. Now since the operation 


is = » we must have Dog = 2x-x 2}, In substep 22 the 
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overation must again be — , for if it were 4? , we would have, 
in view of the fact that x2t is added to or subtracted from 
Noo in substep 22, Noo = Q which would call for subtraction. 


Again since the operation is f- , we must have Non = 2(x2l) - x2%, 


Procecding in this way, we find that the operation of substep l 
is oe) - But we already kmow that this operntion is 4; and hence 


x. Yowif n - 0 


O % 
ot 
' 


we have n contradiction. Therefore O0<¢ Don < 
then no action is taken in step 3 and aC contnins No. > Nyy, 


and QR contains Q - Goz +++ Wg 9 4 = Gog +++ AQ since doz - 0. 


But Nog =A-X wy ok =A- qx Or A= qx + No; where 


oO 
4S 


Noy < xX. 


x ~ & 24 , 
On the other hand if ng: = ng, -1 then -x & Mog < 0. 
We do know that a- qx r ny where q is the image of the content 
of QR after step 2°. In step . in this case, do = 1 is re- 


-q-1 at the comple- 


placed by Go3, = O and QR represents q. 


tion of the entire operation. also :2 is added to AC and at the 


end of the operation sC represents n., + x. But a =- qx + No, = 


‘a = 
(q-1)x+ (ny, + x) where 0X No, + X < xX. 
Thus we have proved that if O¢<.x $ 25 - 1 and 


23 
O<a<x2™ then the @ivision algorithn gives the correct 


a 


a/v) 
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result, that the contcnts of QR, AC and XR corrospond respec- 
tively to the quozient, the lenst non-negative remaiuder and 
the divisor. 


23 23 


Suppose a>x2>x2 -1- Go = i) + (x > v, 


Then the quoticnt must be greater than 23 - 1, that is to 
say, QR is nct capable of holding the quotient. If a 2 x 225 
the computer will not give the correct answer, nor will it give 
an answer correct modulo 2°4 - 2, 

It remains to extend this result to other cases. In what 
follows the algorithm will ba used as it stands on page 14. The 
device made possible by Lemmas II and III will not be employed. 


Crse IT: assume that 


(OS =a - 27 


O< ac ix} 2e9 
‘ s 
| X = 1X50 tes XQ es X= ~OX55 +++ XH 


pos “46 ead os 9 — A = are eee Bo 


is ixt< 2°" +1 


(OS 2 ee a 
mee ee ee : jx - Ox, . 
t: = yy +++ XQ EVIX! = OX5Z5 --- XM 


O 


b 
it 


B36 eee ao -— 74 = C246 eae ao 
We know from case I that the computer will properly divide 
a by !xi. Cnll this division V . Cll the division of a 


by x division ¥Y . We shall compare division W with division V. 


= OO es 
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In each division Agn = O so no action is taken in step l 


of the algorithm. In substep 1 of step 3 in division V, 


‘ 


Xo - 0 so XR is subtracted into AC and 1 inserted in 


847 = 
A: In the corresponding step of division W , however, 


- 0 fle=x and XR is added into AC and % left as zero. 


47 23 
But in W the content of XR is the complement of the content of 
“XR in V_ , and since addition of XR and subtraction of its 
complement are the same thing, the content of AC at the end of 
substep 1 is the samc in W asin V. Similarly in each sub- 
sequent substep the contents of AC in V and W- are the same 
and opposite digits are inserted in QR. 

In step 4 action (a) is taken in both V and-W or action 
(c) is taken in both divisions. If it is (c), no action is 
taken and the remainder in AC is the sane in V as in W and 
the contents of QR in Vand Ware complements. If the 
action is (a), x’ is added to AC in each division and in V 


dg is changed from 1 to Oand in W q) is changed from 0 to l. 


Thus in either case (a) or (c) the content of AC is the same in 
Vv and W , let its image be r. The contents of QR in Vv 
and W are complements. If q is the image of the content 

of QR in Vand q’ is the image of the content of QRin W , 


thon 0 < g¢ 2° -1 and 1- 2°%< gq’ <0 and q’ = -a. 
Fron case I, a-qixt +r- (-q)(-ixi)+r-oq  x+r. 


sc SR me 
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The algorithm is thus valid in this case as well as caso I. 


Case III: Let 
fO¢x¢ 23 3 


| O>a>x (1 - 273) 


; 


% = OXn5 .-- IEE - X 


/ 
A = lage eee a9 — ne Oars eee re) 


The division of a by x will be referred to as division V. 


In step 1, since Ban = 1, XR is subtracted from AC. The re- 


4 


sulting digital nunber is Z - Ie pgs + Bq 90k ge +2 22h Ca fia 


a-x¢ 0. Let division W be the division of iz) by x. 


Now 
O< sce - 1 
O<tz4< x2®3 (Since iz! zla-x}< jal + ixi < x(2°9-1)+x = 
W 
23 
Xz Ox,5+++%q OF X= OKS, «+. Xp = ,) 
Z = OZ gees %y <— IZzte= Ozrge 2g: 


In step 1 of division ‘Ww nothing is done. We will compare 
steps 3 of divisions V and W . In substepl of WY Ris 


subtracted into AC and 1 inserted in dos In sudstep lof V , 
since Zan = bi 7 0 - X53» XR is added into’ AC and O inserted 

in do: Since the contents of AC just before substep 1 in V 
and W arc complementary, and the operations are opposite, the 


resulting digital numbers are complementary. Thus in substep 2 


soi 


94/4) 
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the operations are again opposite and opposite integers inserted 
in QR. The process obviously continues in this manner, and at 
the end of step 3 the contents of AC in the divisions V and 
W are complementary and so are the contents of QR. 

Let d, -d, q, -q be the images at the end of step 3 of 
‘the contents of AC in division W , AC in V, QRin WwW , 
and QR inV respectively. In the course cf the proof of cnse I 
we showed that [| = qx+da even defore step 4 is taken. 
Therefore z= -1iz: = -qx - d. Suppose now that in step 4 of 
division V course (b) is taken. Then AC becomes the image of 
-d +x and QR renains the image of -q. But since zia- xX, 
ar-z+x- (-qx-d) +x = (-q)(x) + (-d +x). Of course 
O¢ x-da< x. Assume on the other hand that course (d) is taken. 
Then AC remains the image of -d (which in this alternative must 


be positive) and QR decones -q +1 since I is changed from 


Oto land -q< 0. Here azz+x-= (-qx-d)+x-= 
x(-q + 1) + (-d). Thus in either course, at the end of the 
operation XR contains the divisor, QR the quotient and AC the 


least non-negative remainder. 


Case IV: Let 
(o>2y1- 2% 


10>a >|zx| (1 - 2%) 


X = 1X55 oe) IQ OX= “OX55---X 
A - lagg-+-Aag a : -08 46 +++ A 


25/39 


— i s . , ri - / 4/ ¥ 


fo<ixig 2-1 
I: a >| xl (1 -2°") 
| 


en 
, / / / 
X - OX Z, e— ix: = Ox. x 
W 0 22 i) 
ie =: lay, a5 97 4a - “Case . Ay 
\ We will compare division V , an instance of case IV, with 


division W , an instance of case III. In step 1 the same 
action is taken in each division and the contents of AC in coach 
are the same at the end of this step. In substep 1 of step 3 in 


division WwW, aan = a t 0 - So so XR is added into AC and 


O inserted in qo: In the corresponding step of division V , 


ow 
Qayn = 1 = Xz «80 XR'is subtracted into Ac and 1 inserted in 
Go» Since machine addition and machine subtraction of the 
complement are the same thing, the contents of AC at the end 
of substep 1 are the same in ench division. The process con- 
tinues in this way, and at the end of step 3 the contente of AC 
in V and W are the same and the contents of QR are comple- 
mentary. , 

Let r be the image of the contents of AC in each division, 
let q and -q ve the images of the contents of QR in V_ and 
W respectively. If in step 4 course (b) is taken in W it is 
taken in VY. Should this be the case, QR remains the same and 
me in cach division AC becomes the imase of r+ixl which is 
_ 


positive and less than ix:. But from case III 


a 


ab/r7 


bat ee 
& 


a - (xi (-q) + (r-txi) = (-1 x1)(q) : (r #ixt) = xq e+ (r+ ixih. 
If course (d) is taken in W it is taken in V also. Here AC 
remains the image of r which must in this case be positive 

and less than |x!l. In W , QR becomes the image of -q+1 

and, in V , QR becomes the image of gq-1. By case IIT 

a- ixt(-q+1)¢r= (-'txIMq-1)+r-=x(q-1) +r. Hence 
in cach case XR is the image of the divisor, QR the image of the . 
quotient, and AC the image of the least non-negative remainder 


at the end of the operation. 


VY. Cases involving gcro: If O is divided by a positive nunbor, 
the quotient turns out to be O and the remainder 0. If O is 
divided by a’nogative number the remainder is 0 and the quotient 
is all 1's, a result which is not completely nonsensical. Ifa 
' positive number K 275 1 4s dividea by O the quotient is 

all 1's and the remainder is the dividend. If a negative 


3 is divided by 0 the quotient is O and the 


number > 1 - 2° 
rs 

remainder is the dividend (negative). if 9 is divided by 0 

the remainder is 0 and the quotient all 1's. These results 


arc easily verified, 


23 23 


We have proved that if 1 - 2 S 42° + 1, but =x t 0, 
and if jxi(1- 2) “e tx i, but a Oo sf, 2<¢ Gg; 
then the algorithm gives the correct result. 

If QR becomes filled with 1's Sievaiset a division involving 
zero, and QR is then added or subtracted into AC, the content 


of AC is not altered. , 
P. Billingsley . . 
April 26, 1949 4 if +] 5 


